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Abstract— We construct nonbinary quantum codes from clas-
sical generalized Reed-Muller codes and derive the conditions
under which these quantum codes can be punctured. We provide
a partial answer to a question raised by Grassl, Beth and Ro¨tteler
on the existence of q-ary quantum MDS codes of length n with
q ≤ n ≤ q
2
− 1.
I. INTRODUCTION
The quest to build a scalable quantum computer that is
resilient against decoherence errors and operational noise has
sparked a lot of interest in quantum error-correcting codes. The
early research has been confined to the study of binary quan-
tum error-correcting codes, but more recently the theory was
extended to nonbinary codes that are useful in the realization
of fault-tolerant computations.
The purpose of this paper is to derive families of quantum
stabilizer codes that are based on classical generalized Reed-
Muller (GRM) codes. Recall that one cannot arbitrarily shorten
a quantum stabilizer code. We study the puncture codes of
GRM stabilizer codes that determine the possible lengths of
shortened codes.
We give now an overview of our main theorems. We omit
some technical details to keep our exposition brief, but we
assure the reader that the subsequent sections provide all
missing details. Let q be power of a prime. We denote by
Rq(ν,m) the q-ary generalized Reed-Muller code of order ν
with parameters [qm, k(ν), d(ν)]q and dual distance d(ν⊥).
Our first two results concern the construction of two families
of nonbinary quantum stabilizer codes:
Theorem 1: For 0 ≤ ν1 ≤ ν2 ≤ m(q − 1) − 1, there
exist pure quantum stabilizer codes with the parameters
[[qm, k(ν2)− k(ν1),min{d(ν
⊥
1 ), d(ν2)}]]q.
Theorem 2: For 0 ≤ ν ≤ m(q − 1)− 1, there exists a pure
[[q2m, q2m − 2k(ν), d(ν⊥)]]q quantum stabilizer code.
Puncturing a quantum stabilizer code is restricted because
the underlying classical code must remain self-orthogonal. Our
next two results show when quantum Reed-Muller codes can
be punctured.
Theorem 3: For 0 ≤ ν1 ≤ ν2 ≤ m(q − 1) − 1 and 0 ≤
µ ≤ ν2 − ν1, if Rq(µ,m) has a codeword of weight r, then
there exists an [[r,≥ (k(ν2)−k(ν1)−qm+r),≥ d]]q quantum
stabilizer code with d = min{d(ν2), d(ν⊥1 )}.
Theorem 4: Let C = Rq2(ν,m) with 0 ≤ ν ≤ m(q−1)−1
and (q+1)ν ≤ µ ≤ m(q2−1)−1. If Rq2(µ,m)⊥|Fq contains a
vector of weight r, then there exists a quantum stabilizer code
with parameters [[r,≥ (r − 2k(ν)),≥ d(ν⊥)]]q .
Our last result deals with the existence of quantum MDS
codes of length n with q ≤ n ≤ q2 − 1. These are derived
from the previous results on punctured codes making use of
some additional properties of MDS codes.
Theorem 5: There exist quantum MDS codes with the pa-
rameters [[(ν+1)q, (ν+1)q−2ν−2, ν+2]]q for 0 ≤ ν ≤ q−2.
The paper is organized as follows. In the next section
we review the basics of generalized Reed-Muller codes. We
construct two series of quantum codes using a nonbinary
version of the CSS construction and a Hermitian construction.
In Section III, we derive our results concerning the puncturing
of these stabilizer codes. In Section IV, we consider a special
case of GRM codes to obtain some quantum MDS codes. The
MDS nature of these codes allows us to make some more
definitive statements about their puncture codes, making it
possible to show the existence of quantum MDS codes of
lengths between q and q2.
Notation: We denote the Euclidean inner product of two
vectors x and y in Fnq by 〈x|y〉 = x1y1 + · · ·xnyn. We
write 〈x|y〉h = x1yq1 + · · ·xnyqn to denote the Hermitian
inner product of two vectors x and y in Fnq2 . We denote the
Euclidean dual of a code C ⊆ Fnq by C⊥, and the Hermitian
dual of a code D ⊆ Fnq2 by D⊥h .
II. GENERALIZED REED-MULLER CODES
Primitive generalized Reed-Muller codes were introduced
by Kasami, Lin, and Petersen [8] as a generalization of Reed-
Muller codes [10], [13]. We follow Assmus and Key [2], [3]
in our approach to GRM codes. Our main goal is to derive
two series of quantum stabilizer codes.
A. Classical Codes
Let (P1, . . . , Pn) denote an enumeration of all points in
F
m
q with n = qm. We denote by Lm(ν) the subspace
of Fq[x1, . . . , xm] that is generated by polynomials of de-
gree ν or less. Let ν denote an integer in the range 0 ≤
ν < m(q − 1). Let ev denote the evaluation function
ev f = (f(P1), . . . , f(Pn)). The generalized Reed-Muller
code Rq(ν,m) of order ν is defined as
Rq(ν,m) = {(f(P1), . . . , f(Pn)) | f ∈ Lm(ν)}, (1)
= {ev f | f ∈ Lm(ν)}.
The dimension k(ν) of the code Rq(ν,m) equals
k(ν) =
m∑
j=0
(−1)j
(
m
j
)(
m+ ν − jq
ν − jq
)
, (2)
and its minimum distance d(ν) is given by
d(ν) = (R+ 1)qQ, (3)
where m(q−1)−ν = (q−1)Q+R, such that 0 ≤ R < q−1;
see [2], [3], [8], [11].
It is clear that Rq(ν,m) ⊆ Rq(ν′,m) holds for all param-
eters ν ≤ ν′. More interesting is the fact that the dual code of
Rq(ν,m) is again a generalized Reed-Muller code,
Rq(ν,m)
⊥ = R(ν⊥,m) with ν⊥ = m(q − 1)− 1− ν.
We need the following result for determining the distances and
purity of quantum codes.
Lemma 1: Let C1 = Rq(ν1,m) and C2 = Rq(ν2,m). If
v1 < v2, then C1 ⊂ C2 and wt(C2 \ C1) = wt(C2).
Proof: We already know that C1 ⊂ C2 if ν1 < ν2.
We denote the minimum distances of the codes C1 and C2 by
d1 = wt(C1) = (R1+1)qQ1 and d2 = wt(C2) = (R2+1)qQ2 .
It suffices to show that ν1 < ν2 implies d2 < d1, because
in that case C2 \ C1 must contain a vector of weight d2, and
this shows that wt(C2 \ C1) = wt(C2), as claimed.
Since ν1 < ν2, we have
m(q − 1)− ν2 < m(q − 1)− ν1. (4)
If we set m(q−1)−νk = (q−1)Qk+Rk with 0 ≤ Rk < q−1
for k ∈ {1, 2}, then it follows from (4) that Q1 ≥ Q2.
If Q1 = Q2 then R1 > R2; hence, d1 = (R1 + 1)qQ1 >
(R2 + 1)q
Q2 = d2. On the other hand, if Q1 > Q2, then
d1 ≥ (0 + 1)q
Q1 and d2 ≤ (q − 2 + 1)qQ2 = (q− 1)qQ2 , and
it follows that d1 ≥ qQ2+1 > d2.
B. Quantum codes
Quantum Reed-Muller codes were first constructed by
Steane [14] based on classical Reed-Muller codes. We derive
a series of stabilizer codes from generalized Reed-Muller
codes using the CSS code construction and a Hermitian code
construction.
Lemma 2: Let C1 = [n, k1, d1]q and C2 = [n, k2, d2]q
be linear codes over Fq with C1 ⊆ C2. Furthermore, let
d = minwt{(C2 \ C1) ∪ (C⊥1 \ C
⊥
2 )} if C1 ⊂ C2 and
d = minwt{(C1) ∪ (C⊥1 )} if C1 = C2. Then there exists
an [[n, k2 − k1, d]]q quantum code.
Proof: See for instance [4] for the CSS construction
of binary codes and [6, Theorem 3] and [9] for its q-ary
generalizations.
Theorem 1: For 0 ≤ ν1 ≤ ν2 ≤ m(q − 1)− 1, there exists
a pure [[qm, k(ν2) − k(ν1),min{d(ν⊥1 ), d(ν2)}]]q quantum
stabilizer code, where the parameters k(ν) and d(ν) are given
by the equations (2) and (3), respectively.
Proof: For ν1 ≤ ν2, C1 = Rq(ν1,m) ⊆ Rq(ν2,m) =
C2. By Lemma 2, we know there exists a pure [[qm, k(ν2)−
k(ν1),min{d(ν
⊥
1 ), d(ν2)}]]q quantum code. The purity of the
code follows from Lemma 1.
Corollary 3: For 0 ≤ ν ≤ (m(q − 1) − 1)/2 there exists
a pure [[n, n− 2k(ν), d(ν⊥)]]q quantum code, where k(ν) is
given by equation (2) and the distance d(ν) by equation (3).
Proof: In Theorem 1 if we choose ν1 = ν, ν2 = ν⊥,
then to ensure ν1 ≤ ν2 we require ν ≤ (m(q−1)−1)/2. That
the distance of the resulting code is d(ν⊥) follows by direct
substitution of these values in Theorem 1.
The next construction starts from a generalized Reed-Muller
code over Fq2 . If it is contained in its Hermitian dual code,
then it can be used to construct quantum codes. Therefore,
our immediate goal will be to find such self-orthogonal Reed-
Muller codes.
Lemma 4: If ν is an order in the range 0 ≤ ν ≤ m(q −
1)− 1, then Rq2 (ν,m) ⊆ Rq2(ν,m)⊥h .
Proof: Recall that ev f = (f(P1), . . . , f(Pn)). The code
Rq2(0,m) is generated by 1, the all one vector. The relation
Rq2(0,m)
⊥ = Rq2(m(q
2−1)−1,m) shows that 〈ev f |1〉 = 0
for all polynomials f in Lm(ν) with deg f ≤ m(q2 − 1)− 1.
If xa11 · · ·xamm and x
b1
1 · · ·x
bm
m are monomials in Lm(ν), then
〈ev xa11 · · ·x
am
m | ev x
b1
1 · · ·x
bm
m 〉h
= 〈ev xa11 · · ·x
am
m | ev x
qb1
1 · · ·x
qbm
m 〉,
= 〈ev xa1+qb11 · · ·x
am+qbm
m |1〉 = 0,
where the last equality holds because the monomial has at
most degree (m(q−1)−1)(q+1) < m(q2−1)−1. Since the
monomials generate Lm(ν), it follows that 〈ev f | ev g〉h = 0
for all f, g in Lm(ν).
The following construction, which we refer to as the Her-
mitian construction, directly leads to the second series of
quantum codes that can be constructed from the Reed-Muller
codes.
Lemma 5: Let C be a linear [n, k]q2 contained in its Her-
mitian dual, C⊥h , such that d = min{wt(C⊥h \ C)}. Then
there exists an [[n, n− 2k, d]]q quantum code.
Proof: See for instance [1, Corollary 1] and [6, Corollary
2].
Theorem 2: For 0 ≤ ν ≤ m(q − 1) − 1, there exist pure
quantum codes [[q2m, q2m − 2k(ν), d(ν⊥)]]q , where
k(ν) =
m∑
j=0
(−1)j
(
m
j
)(
m+ ν − jq2
ν − jq2
)
,
and d(ν⊥) = (R + 1)q2Q, with ν + 1 = (q2 − 1)Q + R and
0 ≤ R < q2 − 1.
Proof: First we note that wt(Rq2 (ν,m)⊥h) =
wt(Rq2 (ν,m)⊥) = d(ν⊥). Recall that d(ν⊥) can be computed
using equation (3), keeping in mind that these codes are over
Fq2 . From Lemma 4 and Lemma 5 we can conclude that there
exists a pure quantum code [[q2m, q2m−2k(ν), d(ν⊥)]]q where
k(ν) is the dimension of Rq2(ν,m) as given by equation (2).
The purity of the code follows from Lemma 1.
III. PUNCTURING QUANTUM GRM CODES
Puncturing provides a means to construct new codes from
existing codes. Puncturing quantum stabilizer codes, however,
is not as straightforward as in the case of classical codes. Rains
introduced the notion of puncture code [12], which simplified
this problem and provided a means to find out when punctured
codes are possible. Further extensions to these ideas can be
found in [6]. With the help of these results we now study the
puncturing of GRM codes.
Recall that for every quantum code constructed using the
CSS construction, we can associate two classical codes, C1
and C2. Define C to be the direct sum of C1 and C⊥2 viz.
C = C1 ⊕ C
⊥
2 . The puncture code P (C) [6, Theorem 12] is
defined as
P (C) = {(aibi)
n
i=1 | a ∈ C1, b ∈ C
⊥
2 }
⊥. (5)
The usefulness of the puncture codes lies in the fact that if
there exists a vector of nonzero weight r, then the correspond-
ing quantum code can be punctured to a length r and minimum
distance greater than or equal to distance of the parent code.
Theorem 3: For 0 ≤ ν1 ≤ ν2 ≤ m(q − 1) − 1 and 0 ≤
µ ≤ ν2 − ν1, if Rq(µ,m) has codeword of weight r, then
there exists an [[r,≥ (k(ν2)−k(ν1)−qm+r),≥ d]]q quantum
code, where d = min{d(ν2), d(ν⊥1 )}. In particular, there exists
a [[d(µ),≥ (k(ν2)−k(ν1)−q
m+d(µ)),≥ d]]q quantum code.
Proof: Let Ci = Rq(νi,m) with 0 ≤ ν1 ≤ ν2 ≤ m(q −
1)−1, for i ∈ {1, 2}. By Theorem 1, a [[qm, k(ν2)−k(ν1), d]]q
quantum code Q with d = min{d(ν2), d(ν⊥1 )} exists. It
follows from equation (5) that P (C)⊥ = Rq(ν1 + ν⊥2 ,m),
so
P (C) = Rq(m(q − 1)− ν1 − ν
⊥
2 − 1,m)
= Rq(ν2 − ν1,m) (6)
By [6, Theorem 11], if there exists a vector of weight r in
P (C), then there exists an [[r, k′, d′]]q quantum code, where
k′ ≥ (k(ν2) − k(ν1) − q
m + r) and distance d′ ≥ d. Since
P (C) = Rq(ν2−ν1,m) ⊇ Rq(µ,m) for all 0 ≤ µ ≤ ν2−ν1,
the weight distributions of Rq(µ,m) give all the lengths to
which Q can be punctured. Moreover P (C) will certainly
contain vectors whose weight r = d(µ), that is the minimum
weight of Rq(µ,m). Thus there exist punctured quantum
codes with the parameters [[d(µ),≥ (k(ν2) − k(ν1) − qm +
d(µ)),≥ d]]q .
It is also possible to puncture codes constructed via Theo-
rem 2. However, we need to redefine the puncture code. Recall
a quantum code constructed via the Hermitian construction
has an underlying classical code C ⊆ Fnq2 . The (Hermitian)
puncture code, Ph(C), is defined as [6, Theorem 13]
Ph(C) = {trq2/q(aib
q
i )
n
i=1 | a, b ∈ C}
⊥, (7)
where the subscript is used to differentiate the two con-
structions. Again the nonzero weights in the puncture code
determine the possible puncturings of the quantum code. Now
we shall apply these ideas to the puncturing of quantum Reed-
Muller codes constructed using the Hermitian construction.
Theorem 4: Let C = Rq2 (ν,m) with 0 ≤ ν ≤ m(q−1)−1
and (q+1)ν ≤ µ ≤ m(q2−1)−1. The puncture code Ph(C) ⊇
Rq2(µ,m)
⊥|Fq . If Ph(C) contains a vector of weight r, then
there exists an [[r,≥ (r− 2k(ν)),≥ d(ν⊥)]]q quantum code1.
Proof: By equation (7) the puncture code Ph(C) is given
as
Ph(C) = {trq2/q(aib
q
i )
n
i=1 | a, b ∈ C}
⊥. (8)
To get a more useful description of Ph(C) let us consider the
code D given by
D = {(aib
q
i )
n
i=1 | a, b ∈ C}. (9)
If C = Rq2(ν,m), then a = ev f and b = ev g for some f, g
in Lm(ν). Then aibqi = (ev fgq)i and we can write
D = {ev fgq | f, g ∈ Lm(ν)}.
Since deg fgq ≤ (q+1)ν, fgq is in Lm(qν+ν) and it follows
D ⊆ {ev f | f ∈ Lm((q + 1)ν)},
D ⊆ Rq2(µ,m), (10)
for (q+1)ν ≤ µ ≤ m(q2 − 1)− 1. By Delsarte’s theorem [5,
Theorem 2], the dual of the trace code is the restriction of the
dual code. That is,
trq2/q(D)
⊥ = D⊥|Fq = D
⊥ ∩ Fnq . (11)
However, as Ph(C)⊥ = trq2/q(D), it follows that
Ph(C) = D
⊥|Fq ⊇ Rq2(µ,m)
⊥|Fq , (12)
Ph(C) ⊇ Rq2(m(q
2 − 1)− µ− 1,m)|Fq (13)
From Theorem 2 there exists an [[q2m, q2m− 2k(ν), d(ν⊥)]]q
quantum code Q for 0 ≤ ν ≤ m(q − 1)− 1. By [6, Theorem
11], Q can be punctured to all lengths which have nonzero
distribution in Ph(C). Thus if Ph(C) ⊇ Rq2(µ⊥,m)|Fq
contains a vector of weight r, then there exists an [[r,≥
(r − 2k(ν)),≥ d(ν⊥)]]q code.
IV. QUANTUM MDS CODES VIA GRM CODES
MDS codes occupy a special place of interest in coding
theory in view of their optimality with respect to the Singleton
bound and also because of their many connections to other
branches of mathematics. So in this section we shall construct
some linear quantum MDS codes as a special case of quantum
GRM codes. The usefulness of such an approach will be
appreciated later when we try to puncture them.
A. Quantum MDS codes
The previous results enable us to derive very easily some
qauntum MDS codes as a special case.
Corollary 6: There exist quantum MDS codes with the
parameters [[q, q− 2ν− 2, ν+2]]q for 0 ≤ ν ≤ (q− 2)/2 and
[[q2, q2 − 2ν − 2, ν + 2]]q for 0 ≤ ν ≤ q − 2.
Proof: These codes and the corresponding ranges of ν
are a direct consequence of Corollary 3 and Theorem 2 with
1Since C is over F
q2
, q
2 should be used in equations (2) and (3).
m = 1. In both cases it can be verified that k(ν) = ν +1 and
d(ν⊥) = ν+2. The quantum codes [[q, q−2ν−2, ν+2]]q and
[[q2, q2 − 2ν − 2, ν +2]]q follow on substituting the values of
k(ν) and d(ν⊥) in these constructions. It can be easily verified
that these quantum codes satisfy the quantum Singleton bound
[12].
It must be noted that when applying equations (2) and (3) we
must be careful to use q for Corollary 3 and q2 for Lemma 2.
An alternate approach to constructing these codes can be found
in [6].
B. Puncturing Quantum MDS codes.
It was shown in [6] that there exist q-ary quantum MDS
codes of lengths 3 ≤ n ≤ q as well as q2− s for some s > 1.
The range and the distribution of such s was not answered
analytically. However numerical evidence was provided which
indicated that there existed many s or equivalently many MDS
codes with lengths between q and q2. Here, we partly address
this problem by analytically proving the existence of MDS
codes of length (ν + 1)q with 0 ≤ ν ≤ q − 2.
We will assume that the quantum code Q is constructed
using Theorem 2 and the corresponding classical code is C.
As mentioned earlier, the associated puncture code Ph(C)
determines the lengths to which we can puncture Q (refer
Theorem 4, [12, Theorem 3] and [6, Theorem 11,13]). In
general it is not easy to calculate the weight distribution of
Ph(C), but we can simplify our task by calculating either
the weight distribution or the minimum distance of a subcode
in Ph(C). We will need the following result proved in [11],
though it is not stated explicitly as a theorem. We have restated
it slightly differently to make the proofs clearer.
Lemma 7: Every GRM code Rq(ν,m) is a subcode of
Rqm(q
m − d(ν), 1). Alternatively,
Rq(ν,m) ⊆ Rqm(q
m − d(ν), 1)|Fq . (14)
Proof: See [11]. The result in [11] actually states that
Rq(ν,m) ⊆ GRSqm−d(ν)+1(a,1)|Fq , (15)
where a = (0, 1, ζ, ζ2, . . . , ζqm−2), ζ is a primitive element
in Fqm and GRSqm−d(ν)+1(a,1) stands for the generalized
Reed-Solomon code with the parameters [qm, qm − d(ν) +
1, d(ν)] (see [7, pages 175-178]). However, as Rqm(qm −
d(ν), 1) is the extended Reed-Solomon code, it is the same
as GRSqm−d(ν)+1(a,1). Therefore, we can conclude that
Rq(ν,m) ⊆ Rqm(q
m − d(ν), 1)|Fq .
Lemma 8: Let C = Rq2(ν, 1) with 0 ≤ ν ≤ q−2, then the
puncture code Ph(C) has a vector of weight (ν + 1)q.
Proof: Let C = Rq2(ν, 1). By Theorem 4, we know that
Ph(C) ⊇ Rq2(µ, 1)
⊥|Fq , where (q + 1)ν ≤ µ ≤ (q2 − 2).
Ph(C) ⊇ Rq2(µ, 1)
⊥|Fq = Rq2(q
2 − µ− 2, 1)|Fq(16)
Choose µ = (ν + 1)q − 2. (Note that (q + 1)ν ≤ (ν + 1)q ≤
q2 − 2 holds for 0 ≤ ν ≤ q − 2). Then
Ph(C) ⊇ Rq2(q
2 − (ν + 1)q, 1)|Fq . (17)
We will show that Rq(q − ν − 1, 2) is embedded in
Rq2(q
2−(ν+1)q, 1)|Fq ; thus in Ph(C) also. By equation (3),
wt(Rq(q−ν−1, 2)) = d(q−ν−1) = (ν+1)q. By Lemma 7
Rq(q − ν − 1, 2) is embedded in Rq2 (q2 − (ν + 1)q, 1)|Fq ⊆
Ph(C). Hence Ph(C) contains a vector of weight equal to
(ν + 1)q.
Theorem 5: There exist quantum MDS codes with the pa-
rameters [[(ν+1)q, (ν+1)q−2ν−2, ν+2]]q for 0 ≤ ν ≤ q−2.
Proof: The puncture code of C = Rq2(ν, 1) has a vector
of weight (ν+1)q by Lemma 8. By Theorem 4, the quantum
code [[q2, q2−2ν−2, ν+2]]q derived from C can be punctured
to a length of (ν + 1)q, giving a code [[(ν + 1)q, (ν + 1)q −
2ν − 2, ν + 2]]q which can be verified to be a quantum MDS
code.
V. CONCLUSION
We constructed a family of nonbinary quantum codes based
on the classical generalized Reed-Muller codes. Then we
studied when these codes can be punctured to give more
quantum codes. As a special case we derived a series of
quantum MDS codes from the generalized Reed-Muller codes.
We provided a partial answer to the question of existence
of q-ary MDS codes with lengths in the range q to q2 by
analytically proving the existence of a series of codes with
lengths in this range.
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